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ABSTRACT 

The airline recovery problem involves aircra2, crew and passenger networks impacted 

by disrup5ons. Models to solve the problem consider one or more of these networks, 

on an integrated way or not. It belongs to the NP-hard class, even considering only one 

network. This work presents a math-heuris5c to solve the problem integra5ng the 

aircra2 and the passenger networks. A model to restore the aircra2 network with 

minimum cost was also developed. These two models compose a framework which 

permits the airline to obtain the cost impact of including the passenger network in the 

recovery problem. Both models were tested with real world ROADEF instances using an 

Intel i7 microcomputer (16Gb of RAM) and a high-performance cluster node (HPC) with 

512 GB of RAM. The microcomputer solved instances with up to 85 aircra2 and 276 

impacted flights in less than 30 minutes (imposed limit). The faster high-performance 

server reached solu5ons with minimum gap of 0 to 0.7% for the instances with higher 

number of flights. Total costs considering aircra2 and passenger networks were very 

close to the aircra2 network recovery results, showing a cost compensa5on which 

highlights the importance of solving the recovery problem integra5ng aircra2 and 

passenger networks. 

RESUMO 

O problema de recuperação da operação de companhia aérea impactada por uma 

interrupção envolve as malhas de aeronaves, de tripulantes e de passageiros. Modelos 

para resolvê-lo consideram uma ou mais dessas malhas, de forma integrada ou não. O 

problema é da classe NP hard, mesmo para apenas uma  malha. Este trabalho apresenta 

uma heurís5ca matemá5ca para resolver o problema integrando as malhas da 

aeronaves e de passageiros, além de um modelo para restaurar a malha de aeronaves 

com custo mínimo. Esses dois modelos permitem avaliar o impacto da inclusão da malha 

de passageiros nos custos de recuperação. Os modelos foram testados com instâncias 

reais da ROADEF  usando um microcomputador Intel i7  (16Gb de RAM) e um servidor 

de alto desempenho (HPC) com 512 GB de RAM. O microcomputador resolveu 

instâncias com até 85 aeronaves e 276 voos em menos de 30 minutos (limite imposto). 

O HPC  resolveu as instâncias maiores com mínimum gap de 0 a 0,7%. Os custos da 

recuperação integrada foram muito próximos dos ob5dos para a malha de aeronaves, 

com uma inesperada compensação de custos, o que destaca a importância de resolver 

o problema de recuperação integrando as malhas de aeronaves e de passageiros.
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1. INTRODUCTION

1.1 Airline Opera�onal Plan

The airline operational plan starts long before a �light takes off. Its objective is to provide an 

effective and ef�icient service considering customers’ demands and costs perspectives.  
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It encompasses (as shown in Figure 1): 

• The preparation of a Flight Schedule to meet the market demand

• An aircraft schedule (also called aircraft rotation) assigning an aircraft (tail assignment)

to each �light in order to attend the expected demand (passenger schedule), respecting

�light operational constraints.

• A corresponding schedule of quali�ied cabin crew and pilots compliant to the regulatory

and labor standards

 Each of these three schedules can be represented by a resource network. They must be syn-

chronized so that the �lights operate as planned and as ef�iciently as possible.  

Figure 1. Process to build the Airline Operational Plan – Source: Adapted from (Castro and Oliveira, 2011) 

1.2. Airline disrup�on 

An airline disruption occurs when at least one of the required resources to operate a �light is 

not available and ready at the �light’s planned departure time. It may affect the departure of one 

or more �lights. Even minor disruptions can create ripple effects across the network and quickly 

affect the rest of the �light network. 

 Disruptions can be caused for several reasons. The main ones are classi�ied as follows 

(Artigues et al., 2012): 

• Flight delays: may be caused by delayed boarding of passengers, ground time longer than

planned, ground staff strike, or delays in passenger or crew connections

• Flight cancellations

• Unavailability of an aircraft for a certain period of time, preventing it to be assigned to

�light operations during that period

• Reduction of airport capacity over a certain period of time, due, for example, to weather

conditions or to strike of airport personnel, with consequent reduction on the number

of landings and takeoffs in the period.

 The estimated annual cost of disruptions is in the order of millions of U.S. dollars, encom-

passing (Castro, 2014): 

• Aircraft operating costs

• Crew overtime and use of reserve crew costs

• Loss of passenger revenue and direct costs related to affected passengers, e.g. hotel,

transportation and feed costs.
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1.3. The airline recovery problem 

The solution of the airline recovery problem consists in returning the airline back to the planned 

schedule after an operational disruption. It is carried out by adjusting �light plans, aircraft as-

signments, crew assignments and passenger itineraries within a period of time called recovery 

period. It is addressed to minimize operational costs and service penalties. 

 Usually, the recovery period is of one day (Zhang et al., 2015), but it really depends on the 

disruption event (e.g. a snowstorm may impact an airport operation for several days).  

 The Operational Control Center (OCC) is responsible to restore the airline �light schedule 

back to the original planning condition after the occurrence of a disruption, within the estab-

lished recovery span. This task is called "Airline Disruption Management" or "Airline Recovery". 

 The basic steps of the airline recovery process are shown in Figure 2. In the Operation Mon-

itoring step, the OCC checks whether �lights, cargo and baggage loading on aircraft and check-

in of passengers and crews are operating as expected. If not, an analysis is performed immedi-

ately to decide on corrective actions. The required processing time the OCC usually has to solve 

the recovery problem is of as much as 20 or 30 minutes (Morais et al., 2018). 

Figure 2. Airline recovery process - Source: Adapted from (Kohl et al., 2007) 

Figure 3 shows the sequential procedure usually used to solve the airline recovery problem: 

Figure 3. Sequential procedure for solving the airline disruption problem – Source: Adapted from Castro and Oliveira 

(2011). 

 This means that, after a disruption event, the OCC �irst builds the �light cancellation and delay 

plans, then adjusts the aircraft network, synchronizes the crew network with the aircraft net-

work and, �inally, adjust the passenger route network.  

 The priority of this approach is the return to operation of the most expensive assets, aircraft 

and crew. It does not look to the best result for customers. As a consequence, it may imply high 

costs related to passenger delays. Therefore, it does not provide optimal solutions to the prob-

lem (Artigues et al., 2012). 
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2. LITERATURE REVIEW

2.1. Airline recovery categories and approaches

Airline recovery overall approach can be classi�ied according to the following categories (Castro 

et al., 2014): 

• Non-integrated recovery - only one of the three networks - or dimensions - is considered.

• Non-simultaneous integrated recovery - airline recovery considers the three dimensions

- aircraft, crews and passengers - but separately, not simultaneously.

• Simultaneous integrated recovery - the three dimensions - aircraft, crews and passen-

gers are treated simultaneously, without imposing degrees of importance to them.

• Partially integrated recovery - airline recovery considers two dimensions, simultane-

ously or not.

 Among the 60 articles on airline recovery analyzed by Castro et all (2014), 75% belonged to 

the non-integrated recovery class and only 25% were related to integrated or partially inte-

grated recovery (of which, non-simultaneous integrated recovery: 26%, simultaneous inte-

grated recovery: 13%, and partially integrated recovery: 61%) 

 Operations research tools dominate work on recovery of airline networks. 73% out of 60 

papers analyzed by Castro et all (2014), published between 1998 and 2012, used OR techniques. 

70% considered minimizing �light delays, �light cancellations and operating costs, and only 7% 

considered impacts to passengers.  

 Regarding the solution methods, 31% used mathematical programming, 29% used network 

�lows. 22% used heuristics and 18% used a column generation method. 

 Below is a summary of important work related to Non-simultaneous integrated recovery, 

Simultaneous integrated recovery and Partially integrated recovery. 

2.1.1. Non-simultaneous integrated recovery 

Kohl et al. (2007) present a sequential modeling with a distinct approach for each of the prob-

lem dimensions, aiming to minimize operating costs and passenger costs. For the aircraft di-

mension, a local search heuristic was used; for the crew dimension, a whole programming ap-

proach was used with resolution per column generation; and for the passenger dimension, 

multi-commodity network programming was used. The model considers the cost of delay at the 

�inal destination for the relocated passenger, direct costs for rescheduled passengers (hotel, 

food, etc.), impact on customer perception and costs related to class upgrade and downgrade 

(in this case strongly impacting the customers experience and their willingness to �ly again with 

the company).  

 Maher (2015, 2016) present a sequential approach using programming and resolution with 

a column generation method; passenger recovery occurs after the resolution for aircraft and 

crew dimensions. The passenger cost depends on the number of passengers relocated due to 

�light cancellation and also on the delay costs for passengers relocated to other �lights. 

 Jafari and Zegordi (2010) use mixed mathematical programming modeling, applying bend-

ers' decomposition method. Passenger costs depend on the number of passengers impacted by 

cancellations and on delays to passengers related to their �inal destination. 

 Jozefowiez et al. (2012) present a large search in the vicinity heuristic, considering, for pas-

sengers, the costs of delay, �light cancellation and cabin downgrade.  
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2.1.2. Simultaneous integrated recovery 

Castro e Oliveira (2009, 2011) and Castro (2014) present approaches using multi-agent sys-

tems, expert agents, automated negotiation methods in the airline´s Operational Control Center 

and learning methods. 

2.1.3. Partially integrated recovery 

Bratu and Barnhart (2006) present a multi-commodity network �low model for solving the par-

tially integrated recovery problem considering aircraft and passenger dimensions. It incorpo-

rates operational cost and cost reduction modeling for passenger itineraries delays and 

cancellations. 

 Abdelghany et al. (2008) propose an integrated model for recovery of aircraft and crew di-

mensions by using a nonlinear mixed mathematical programming approach to minimize oper-

ational costs. 

 Gao (2007) proposes an approach to partially integrated recovery considering aircraft and 

crew dimensions. It uses a multi-commodity network �low modeling with Benders decomposi-

tion to minimize operational costs cancellations and delays. 

 Zhang (2008) incorporates ground transportation in a nonlinear programming model for 

partially integrated recovery, considering aircraft and passenger dimensions to minimize 

operating costs and passenger costs. 

 Eggenberg and Salani (2010) present a solution for partially integrated recovery considering 

aircraft and crew dimensions. It applies the column generation method for minimizing operat-

ing costs. 

 Zegordi and Jafari (2010) propose a partially integrated recovery solution considering air-

craft and passenger dimensions. A heuristic based on ant colony, with the objective of minimiz-

ing operational costs, �light cancellations, delays and costs for passengers is used. 

 Bisaillon et al. (2011) present a solution for the partially integrated recovery considering 

aircraft and passenger dimensions. A large search in the vicinity heuristic to minimize opera-

tional costs and impacts on passengers is used. 

 Jafari and Zegordi (2011) present a mixed integer mathematical programming model for par-

tially integrated recovery considering aircraft and crew dimensions, for minimizing operating 

costs. 

 Gomes (2014) presents an integer mathematical programming composition with heuristics, 

to solve the partially integrated recovery with aircraft and crew dimensions. 

 Sinclair et al. (2014) present a large search in the vicinity heuristic for the partially integrated 

recovery with aircraft and passenger dimensions, based on Bisaillon et al. (2011). 

 Hu et al. (2016) present a GRASP heuristic for the partially integrated recovery considering 

aircraft and passenger dimensions for minimizing operating costs and number of passengers 

affected. 

 Arikan et al. (2016) present a model based on mixed integer mathematical programming 

considering aircraft and passenger dimensions. The inclusion of the aircraft cruise speed con-

trol is considered as an alternative course of action. 

 Zhang et al. (2016) present a recovery solution for the aircraft and passenger dimensions 

using a three-step math-heuristic. It is addressed to treat cancellation and delay of �lights for 

minimizing costs of passengers’ accommodation. 
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 Marla et al. (2017) present an approach to the Partially integrated recovery considering air-

craft and passenger dimensions. It includes the aircraft cruise speed control as an alternative 

course of action using a network �lows model. 

2.1.4. Non-integrated recovery 

 Morais et al. (2018) present a two-part math-heuristic to solve the aircraft recovery: a mixed-

integer programming network �low model to obtain a new schedule with minimum �light can-

cellations and delays; and an integer linear programming model to minimize aircraft swaps. It 

includes disruptions due to aircraft requiring unexpected maintenance. 

2.2. Time-space networks 

The airline planning can be described as a time-space network (Morais et al., 2018), as shown 

in Figure 4. For each airport there is a set of nodes and each node represents a pair: [event at 

the airport - departure or arrival -, time of the event]. Nodes associated with the same airport 

are positioned in the same column, ordered from top to bottom, depending on the time of the 

event. The offer node for each airport represents the number of aircraft available at the airport 

at the beginning of the planning cycle. At the end of the planning cycle, the number of aircraft 

available at the airport characterizes a termination node. Nodes are connected by directed arcs, 

where the unit �low represents an aircraft. All �lows start on offer nodes and end on termination 

nodes.  At all nodes �low conservation is maintained. 

 Time-space networks are directed and acyclic graphs (Abdelghany et al., 2004). Each aircraft 

has a preparation time between one �light and another (min_turn_time). This time can be mod-

eled as part of the previous �light time (allows simpli�ication of modeling), i.e. a �light node ends 

at the earliest possible time of departure of the next �light, rather than at the actual landing time. 

Therefore, a departure node corresponds to the departure of a �light at a location l(j) at time t(j) 

and an arrival node corresponds to the arrival of a �light in l(j) at time t(j) – min_turn_time, 

because t(j) corresponds to the actual arrival time + min_turn_time = (readiness time for the 

next �light). 

Figure 4. Time-space network - Source: (Morais et al., 2018) 
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2.3. Modeling flight alterna�ves and disrup�ons 

Flight alternatives can be modeled as inserted arcs (Zhang et al., 2016). For each of the planned 

�lights in the original Flight Schedule, a set of �lights related to a delay of a �ixed period of time 

is inserted. A suf�ix “-1”, “-2”, etc. is added to the original �light identi�ication, according to the 

considered delay (e.g. �ifteen minutes delay alternatives: original Flight234 departuring 15:00, 

alternative Flight234-1 departuring 15:15, alternative Flight234-2 departuring 15:30).   

 Disruptions such as �light cancellations are modelled by cancelling the original �light and all 

respective inserted arcs. Other disruptions are modeled by introducing resources unavailability 

constraints. For example, aircraft unavailability are modeled by removing the aircraft from the 

solution. Airport operational restrictions are modeled as a departure and a landing capacity 

reduction (Zhang et al., 2016 and Morais et al., 2018).   

 Finding shorter paths in �light networks corresponds to solving major airline optimization 

problems (Maher, 2016): maximizing pro�it on aircraft routes, minimizing crew allocation cost, 

and minimizing travel cost for passengers. 

 The resolution of these problems should consider only viable routes, i.e. aircraft routes 

should consider the aircraft readiness schedule for the next �light – not the arrival time – and, 

in the case of crews, the subset of possible paths given regulatory restrictions. 

 As already mentioned, time-space networks are directed and acyclic; therefore, there are ef-

�icient algorithms to �ind shorter paths in these conditions - algorithms of complexity propor-

tional to the number of arcs in the network and that require topological ordering of nodes (Ab-

delghany et al., 2004).  

 New optimized �light schedule with a minimum delay cost can be obtained by means of a 

multi-commodity network �low model. The model looks for the lowest cost �lows in the 

disrupted time-space network with multiple �lows and capacity limitation (Zhang et al., 2016, 

Morais et al., 2018).  

2.4. Approaches considering networks interac�on 

Industry data indicate that recovery approaches considering the three networks on an inte-

grated and simultaneous way permit to recuperate about 95% of the aircraft, crew and passen-

ger networks in the same day of the disruption (Castro, 2014).  

 Meanwhile, sequential recovery approaches allow to recover around 80% to 90% of the air-

craft and crew networks, but only about 60% of passengers are re-scheduled in the same period 

of time. So, the solution obtained includes signi�icant costs not only for the airline (image losses 

and direct expenses related to the affected passengers), but also for the passengers - dissatis-

faction, personal and �inancial impacts (Castro, 2014). 

 Recovery approaches that allow the interaction of at least two of the networks of the problem 

generate better solutions than the sequential approach. (Petersen et al., 2012).  

 Airline disruption problems are of the NP-hard class; that is, there are no polynomial algo-

rithms for their resolution, regardless of how it is considered – integrated, partially integrated 

or not integrated (Yu and Qi, 2004). Hence, the need to develop other types of models, such as 

heuristics, meta-heuristics and math-heuristics, to solve the recovery problem. 

 Heuristic-related modeling approaches do not necessarily provide the optimal solution to 

the problem. However, they can derive near-optimal results for NP-hard problems in very short 
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processing times (Castro et al 2014, Caetano e Gualda, 2011 and 2012, Gomes e Gualda, 2015, 

Medau e Gualda, 2016)  

 The decision to develop a math-heuristic for solving the recovery problem in this research 

took in consideration the opportunity to explore the potential of this relatively novel approach 

to treat NP-hard problems. According to Caserta et al (2010), math-heuristic models combine 

heuristic techniques with operations research techniques in an iterative or interactive way, of-

fering more ef�icient solutions. 

3. DEVELOPED MODELS

3.1. Models purpose

This research aims at providing the airline with tools to decide on the recovery with priority to 

the aircraft schedule or to both the aircraft and the passenger schedules. To do so, two models 

were developed: a model for the aircraft network recovery with minimum �light schedule cost 

(Flight schedule cost model) and a Math-heuristic for solving the airline recovery problem 

considering both the aircraft and the passenger networks.  

Figure 5. Description of the models developed in this research 

 The Flight schedule cost model aims to restore the aircraft schedule with minimum cost for 

the airline using a sequential approach. The �irst step recovers the �light schedule, the second 

step recovers the aircraft rotation and the last step identi�ies the disrupted itineraries due 

either to �light cancellations in Step 1, to �lights cancelled for lack of aircraft assignement in 

Step 2, or to lack of feasible connection time in the resultant �light schedule after Step 2.   
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Table 1 - Models variables definitions 

Variable Definition Output from Input to 

F Set of all planned flights in the original flight schedule Disruption problem input Step 1 

FCf 
Set of planned flights and the inserted arcs for each flight f ∈ F. The 

original flight is an inserted arc with delay cost equal to 0 

Step 1 modeling based on 

disruption problem input 
Step 1 

Fcancel 

Set of original flights that, as part of the disruption event, are cancelled as 

an input of the problem; thus, cannot be part of the flight schedule 

adjustment. 

Step 1 modeling based on 

disruption problem input 
Step 1 

P Set of airports indexed by p Disruption problem input Step 1 

M 
Set of types of movement in the airport ∈ [arrival, departure] indexed by 

m 
Disruption problem input Step 1 

H 

Set of all time slots in the time-space network indexed by h representing 

each time slot inside the recovery window for each hour interval from the 

interval [0min-59min] 

Disruption problem input Step 1 

FC_INn Set of all inbound flights to node n - original and inserted arcs Disruption problem input Step 1 

FC_OUTn Set of all outbound flights from node n - original and inserted arcs Disruption problem input Step 1 

N_IN Set of all aircraft entrance nodes Disruption problem input Step 1 

N_OUT Set of all aircraft exit nodes Disruption problem input Step 1 

A Set of aircraft indexed by a Disruption problem input Step 1 

N_INn 
Number of aircraft entering node n, in the time-space network, at the start 

of the recovery window 

Step 1 modeling based on 

disruption problem input 
Step 1 

N_OUTn 
Number of aircraft exiting node n, in the time-space network, at the end of 

the recovery window 

Step 1 modeling based on 

disruption problem input 
Step 1 

Capp, m, h 
Capacity of airport p ∈ P for departure and arrival activities in each time 

slot h ∈ H
Disruption problem input 

Step 1 and 

Step 3 (math- 

heuristic) 

cost_delayfc Cost due to delaying a flight f – choose an inserted arc Step 1 modeling  Step 1 

cost_cancelf Cost due to cancelling flight f Step 1 modeling  Step 1 

FC’f 
Set of planned flights and the inserted arcs for each flight f ∈ Rf. The 

original flight is an inserted arc with delay cost equal to 0 
Step 1 Step 2 

Cchangea,f Cost to change aircraft a from flight f 

Step 2 modeling based on 

disruption problem input  

planned aircraft rotation 

Step 2 

C_not_assign Cost of having an aircraft not assigned to flights in Xf Step 2 modeling input Step 2 

STDa,f Departure time of flight f with aircraft a Step 1 Step 2 

ETAa,f Arrival time of flight f with aircraft a Step 1 Step 2 

ETAfc Arrival time of inserted arc fc Step 2 Step 3 

STDfc Departure time of inserted arc fc Step 2 Step 3 

Rf 

Flight solution from Step 2, For every rfc ∈ Rf, rfc = 1 if fc is an active flight or 

0 otherwise (flight cancelled in Step 1 or cancelled in Step 2 due to not 

having an aircraft assigned to it). fc is an inserted flight or the original flight 

(inserted arc with delay = 0) 

Step 2 Step 3 

T 

Set of itineraries indexed by τ. Each itinerary τ has a sequence of flights 

that must be operated. An itinerary is affected if there is a cancelled flight 

or if there is not enough time for passengers to connect between two 

consecutive flights in the itinerary 

Disruption problem input Step 3 

cτ Cost to disrupt an itinerary τ∈T Disruption problem input Step 3 

Xf 

Flight schedule input to Step 3 of math-heuristic, obtained after Step 1 and 

Step 2. For every xf ∈ Xf, xf = 1, if flight f is confirmed or 0, if f is cancelled in 

Step 1 - f is an inserted flight or the original flight (inserted arc with delay = 

0) 

Step 2 Step 3 

connτ
Minimum passenger connection time between two consecutive flights in a 

passenger itinerary τ∈T
Disruption problem input Step 3 

yf Binary decision variable, yf = 1 if original flight f is cancelled, 0 otherwise Step 1 - 

xfc Binary decision variable, xfc = 1 if the inserted arc fc is chosen, 0 otherwise Step 1 - 

ra,f 
Binary decision variable, ra,f = 1 if aircraft a is assigned to flight f ∈ Xf, 0

otherwise 
Step 2 - 

wa,f 
Binary decision variable, wa,f = 1 if aircraft a is not assigned to flights in Xf, 0 

otherwise 
Step 2 - 

zτ 

Binary decision variable, zτ  = 1 if itinerary τ∈T is disrupted (not possible to 

fly it from start to finish due to a cancelled flight in the itinerary or lack of 

enough time to connect between any two consecutive flights in the 

itinerary), 0 otherwise 

Step 3 (Flight schedule cost 

and math- heuristic) 
- 

x’fc 
Binary decision variable,  x’fc = 1 if inserted arc x’fc ∈ FC’f  is selected, 0

otherwise 
Step 3 (math- heuristic) - 
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 To restore the �light schedule with minimum cost and to identify affected passengers, the 

directions proposed by Zhang et al. (2016) to obtain the new �light schedule and to identify 

disrupted itineraries were adopted. Step 2 of the Flight schedule cost model aims to recover 

�light rotation by minimizing the cost to change an aircraft’s original rotation and the cost of no 

assigned aircraft. The modeling approach is inspired in Morais et al. (2018) and adapted to a 

single time-space network. 

 The math-heuristic objective is to recover passenger itineraries that were disrupted due to 

lack of enough connection time and to identify the overall cost impact considering the delays 

inserted in the �inal �light schedule. This objective is accomplished in Step 3 of the math-heuris-

tic by simultaneously considering, in the same mathematical model, two dimensions – aircraft 

network and passengers network. An optimal solution is searched for both the �light schedule 

delay cost and the disrupted passenger itineraries cost, as shown in Figue 3. It was implemented 

based on Zhang et al. (2016) modeling approach. Two simpli�ications are inherent to the devel-

oped models: all aircraft must have the same con�iguration and no aircraft maintenance is con-

sidered. Therefore, an aircraft failure is taken as a disturbance that removes the aircraft from 

the solution. These simpli�ications allow modeling with a single time-space network (Zhang et 

al., 2016). 

 Figure 5 shows the basic steps of the Flight schedule cost model and of the Math-heuristic. 

Their variables are de�ined in Table 1. 

3.2. Flight schedule cost model 

This model, composed of three steps, aims to restore the aircraft schedule with minimum cost 

for the airline and to identify disrupted passenger itineraries (due to any cancelled �light in the 

itinerary or to lack of enough time to connect between any two consecutive �lights in the 

itinerary). 

3.2.1. Step 1 – Flight schedule adjustment 

This step attempts to recover the original �light schedule by delaying or cancelling �lights. The 

problem is solved through a multi-commodity network �low model. The mathematical modeling 

is based on �inding the lowest cost �lows in the disrupted time-space network with multiple 

�lows and capacity limitation.  

 The objective function aims to obtain a new �light schedule minimizing �light cancellations 

and delays: 

�� = min ((∑ 
���������
∗ ��)�∈� + (∑ 
���������

∗ ���)��∈��� ) (1) 

Model restrictions: 

Every f ∈ Fcancel must be cancelled and all its inserted arcs are also cancelled in Step 1:

�� = 1 , ∀! ∈ ������� (2) 

∑ ��� = 0, ∀! ∈ ���������∈��#
(3) 

 For each �light only one option can be chosen: one inserted arc – original �light is an inserted 

arc with delay equal to 0 - or cancel: 

(∑ ���) +  ����∈��#
= 1, ∀! ∈ � (4) 

Each of the nodes in the time-space network must maintain �low balance. 

Balancing is modeled as follows for each aircraft entry node: 
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∑ ����� ∈ $%_'()� = *_+*�, ∀, ∈ *_+* (5) 

Balancing is modeled as follows for each aircraft output node: 

∑ ����� ∈ $%_-.� ≤  *_�01�, ∀, ∈ *_�01 (6) 

Airport capacity restrictions are: 

∑ �����∈��2,3,4
≤ 5678,9,: , ∀7 ∈ ;, ∀< ∈ =, ∀ℎ ∈ ? (7) 

3.2.2. Step 2 – Aircraft rotation 

This step aims to obtain the new aircraft rotation. It receives as input the solution obtained in 

Step 1. 

 The objective function aims to minimize the cost of the new aircraft rotation, given by the 

cost due to changing the original aircraft rotation and the cost of the aircraft with no assigned 

�light: 

�� =  <@, ∑ ∑ (CBCDEFG�,�
∗  H�,� + 5�IJKLLMNO

∗  P�,�)�∈Q�∈R#S
 (8)

Model restrictions to obtain the new aircraft rotation: 

 Each �light has an assigned aircraft or not. It is important to note that a �light with no aircraft 

assignment will be cancelled in Step 2: 

(∑ H�,�) + P�,� = 1, ∀! ∈ T��∈Q  (9) 

Flights cancelled in Stage 1 (whether original or inserted arcs) cannot have assigned aircraft: 

∑  H�,� = 0, ∀! ∈ ��������∈Q  `(10) 

 The departure time of an aircraft (considering its readiness time) must be later than the 

aircraft's arrival time after the previous �light: 

U1V�W ≥ (r�,�Z ∗ [1\�,�Z) , ∀!W 
�,�]
^@_] � !Z, ∀6 ∈ \, ∀!Z, !W ∈ T� (11) 

3.2.3. Step 3 – Identifying disrupted passenger itineraries 

The objective of this step is to identify the affected itineraries, either by cancellation of �lights 

in the previous steps or by lack of enough time for passengers to accomplish their �light 

connections in the itinerary. 

The objective function aims to minimize the amount of disrupted itineraries: 

�� =  min  ∑ 
` ∗ a` `bc  (12) 

Model restrictions are as follows. 

An itinerary is affected if it contains a cancelled �light: 

a` = 1, ∀d P@ℎ 6,� 
6,
]ee]f !e@gℎ (13) 

For each pair of �lights on an itinerary, if the departure of a f2 �light, consecutive to f1, is 

later than the arrival of f1 plus the passenger's connection time, then the connection is not 

lost. Otherwise, the itinerary is lost: 

(∑ H�� ∗ U1V����∈��h#i
) − (∑ H�� ∗  [1\����∈��k

#l
) − 
�,,` ≥  −m ∗ a` , ∀(!Z,  !W) n 1, Big m (14)

3.3. Math-heuris�c 

The Math-heuristic also has three stages. Stages 1 and 2 are identical to those modeled in item 

3.2, but Step 3 is addressed to reduce the loss of itineraries. 

3.3.1. Step 3 – Adjustment of #light schedule to reduce disrupted itineraries 

The objective of this step is to minimize the number of passengers with affected connections.  

11
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It looks for a new adjustment of the �light network, by introducting �light delays. The aircraft 

rotation utilized is the one obtained in Step 2. 

Objective function: to minimize �light schedule delays and number of disrupted itineraries: 

�� =  min  ((∑ ∑ 
��_f]e6��� ∗ ���) + ��∈��h#�∈R#
∑ 
` ∗ a` `bc ) (15)

Model restrictions: 

Each �light can only have associated with it an inserted arc: 

∑ �����∈��h#
= 1, ∀! ∈ T� (16) 

The departure time of a �light must be later than the landing time of the previous �light: 

��i
∗ U1V�i

≥ ��l
∗ [1\�l

 , ∀!W 
�,�]
^@_] � !Z, ∀!Z, !W  ∈ �5′� (17) 

An itinerary is affected if it contains a cancelled �light: 

a` = 1, ∀d P@ℎ 6 e]6� �,] 
6,
]ee]f !e@gℎ (18) 

For each pair of �lights on an itinerary, if the departure time of f2 �light, consecutive to f1, is 

later than the time of arrival of f1 plus the connection time of the passenger, then the connection 

is not lost. Otherwise the itinerary is affected: 

(∑ ��� ∗ U1V��)��∈��h#i
− (∑ ��� ∗ [1\��)��∈��k

#l
− 
�,,` ≥  −m ∗ a` , ∀(!Z,  !W) n 1, Big m (19)

Airport capacity restrictions: 

∑ �����∈��2,3,4
≤ 5678,9,: , ∀7 ∈ ;, ∀< ∈ =, ∀ℎ ∈ ? (20) 

4. TESTS AND RESULTS

The models were implemented in Python 3.7, C++ (Step 2 only), Gurobi 8.1.1. They were tested 

thanks to a set of real world instances created by ROADEF for an operations research chalenge 

in 2009 (Palpant et al, 2009). The following information were considered for each instance: 

initial programming in terms of the number of �lights per day of the recovery window; and num-

bers and details of the aircraft �leet, of the airports and of the affected passenger itineraries 

during the recovery window. The following disruptions are considered: �light delays in minutes, 

�light cancellations and reduction of airport capacity in speci�ic time slots during the recovery 

window.  Table 2 and Table 3 show the characteristics of the test instances.  

 The number of �lights in Table 2 and Table 3 correspond to one day of operation and the 

number of �lights in the modeling is proportional to the size of the recovery window, since the 

airline �light schedule problem is replicated for each day of the operating window. Table 4  

presents results obtained by the Flight schedule cost model. Table 2 present results obtained by 

the Math-heuristic. The inserted arcs were limited to a maximum delay of two hours in relation 

to the original �light and the upper limit of the recovery window. Two simpli�ications are 

inherent to the developed models: all aircraft must have the same con�iguration and no aircraft 

maintenance is considered – although available in the test instances these information were not 

considered in the modeling. 

 Instances A1, A2, A3, A6, A7, and A8 – Table 2 – were run on an Intel i7 machine with 16Gb 

of RAM and Windows operating system.  Instances B1, B2, B3, B4, B6, B7, B8, B9, A4, A9, A5 and 

A10 - with the characteristics presented in Table 2 and Table 3 - were processed using a high-

performance cluster node - HPC - with Intel(R) Xeon(R) CPU E7- 2870 @ 2.40GHz and 512 GB 

of RAM. Constraint (11), in Step 2, generates a number of constraints in the order of | A| * |Xf| 2, 

where |A| = number of aircraft and |Xf| the number of impacted �lights, i.e., the solution 

12
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space grows exponentially with the number of aircraft and �lights - one of the characteristics of  

an NP-hard problem (Gao et al., 2009).

 In instances "B" the restriction (11) generated the approximate amount of 430,000,000 con-

straints in the optimizer software, occupying almost all the available memory (512 Gb) of the 

High Processor Computing equipment during the model loading step for solution execution. In-

stances B5 and B10 could not be run on the cluster node because they exceeded the available 

memory capacity during the execution of Step 2 of the models - both have a larger recovery 

window than the others (approximately half a day of operation more) 

Table 2 - Test instances description - Source: Palpant et al., 2009 

Instances A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 

Number of flights to be analyzed per day of the 

recovery window 
608 608 608 608 608 608 608 608 608 608 

Number of aircra2 85 85 85 85 85 85 85 85 85 85 

Number of airports 35 35 35 35 35 35 35 35 35 35 

Number of i5neraries 1943 1943 1943 1943 3959 1872 1872 1872 1872 3773 

Number of airports affected with \reduced capacity 0 0 0 2 35 0 0 0 2 35 

Number of delayed and cancelled flights 63 107 83 41 0 63 107 83 41 0 

Recovery window period of 5me 
7/Jan 12:00 

8/Jan 04:00 

7/Jan 

16:00 

8/Jan 

04:00 

7/Jan 

14:00 

8/Jan 

04:00 

7/Jan 

10:00 

8/Jan 

04:00 

7/Jan 

00:00 

9/Jan 

04:00 

7/Jan 

12:00 

8/Jan 

04:00 

7/Jan 

16:00 

8/Jan 

04:00 

7/Jan 

14:00 

8/Jan 

04:00 

7/Jan 

10:00 

8/Jan 

04:00 

7/Jan 

00:00 

9/Jan 

04:00 

Table 3 - “B” test instances description - Source: Palpant et al., 2009 

Instances B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 

Number of flights to be analyzed per 

day of the recovery window 
1422 1422 1422 1422 1422 1422 1422 1422 1422 1422 

Number of aircra2 255 255 255 255 255 255 255 255 255 255 

Number of airports 44 44 44 44 44 44 44 44 44 44 

Number of i5neraries 11214 11214 11214 11214 11214 11565 11565 11565 11565 11565 

Number of airports affected with re-

duced capacity 
0 0 0 1 33 0 0 1 0 33 

Number of delayed and cancelled 

flights 
229 254 228 229 0 229 254 228 229 0 

Recovery window period of 5me 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar  

16:00 

3/Mar 

04:00 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar 

00:00 

3/Mar 

04:00 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar  

16:00 

3/Mar 

04:00 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar 

16:00 

3/Mar 

04:00 

1/Mar  

00:00 

3/Mar 

04:00 

 To compare the Flight schedule cost model with the Math-heuristic, a Total Cost was 

de�ined as:  

Total Cost = Flight Schedule Delay Total Cost + Total Cost of Affected Passenger Itineraries. 

 The Flight Schedule Delay Cost is calculated in terms of the amount of delay introduced in 

the adjusted �light schedule.  

A value of the schedule delay per minute of €100 was used (Muligan, 2019). The cost of each 

passenger itinerary is provided as a parameter in Euros (€). 

 Cancelled Itineraries Delta Cost in Table 5 compares the Cancelled Passenger (Pax) Itinerar-

ies Total Cost obtained by the Math-heuristic and by the Flight schedule cost model: 

 Cancelled Itineraries Delta Cost = (Math-heuristic Cancelled Pax Itineraries Total Cost – 

Flight schedule cost model Cancelled Pax Itineraries Total Cost)/ Flight schedule cost model 

Cancelled Pax Itineraries Total Cost).   
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Table 4 - Results obtained by the Flight schedule cost model 

Flight schedule cost model results 
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A1 0.50 - 0.7 19 - 6.5 3.0 427.4 0.3 19 6.9 113 5.8 2 0.5 3.0 427.4 430.4 7.5 

A2 0.75 - 0.7 1 - 1.9 4.5 57.2 0.3 1 0.7 15 0.8 2 0.8 4.5 57.2 61.7 2.9 

A3 0.75 - 0.7 10 - 10.1 4.5 325.9 0.3 10 4.7 35 1.8 3 0.8 4.5 325.9 330.4 11.1 

A4 
91.25 - 0.7 28 - 433.0 547.5 700.9 0.3 28 8.3 222 11.4 68 91.3 547.

5 

700.9 1248.4 14.0 

A5 
18.75 18

4 

0.7 40 - 479.0 112.5 4746.0 0.3 224 24.1 1319 33.3 23 18.8 112.

5 

4746.0 4858.5 480.0 

A6 0.50 - 0.7 19 - 8.5 3.0 476.7 0.3 19 6.9 117 6.3 2 0.5 3.0 476.7 479.7 9.5 

A7 0.75 - 0.7 1 - 2.5 4.5 71.8 0.3 1 0.7 17 0.9 2 0.8 4.5 71.8 76.3 3.5 

A8 0.75 - 0.7 10 - 8.5 4.5 304.7 0.3 10 4.7 73 3.9 3 0.8 4.5 304.7 309.2 9.5 

A9 
74.00 - 0.7 28 - 488.0 444.0 767.2 0.3 28 8.3 180 9.6 68 74.0 444.

0 

767.2 1211.2 15.0 

A10 
18.75 18

4 

0.7 40 - 481.0 112.5 5924.9 0.3 224 24.1 1279 33.9 23 18.8 112.

5 

5924.9 6037.4 482.0 

B1 0.00 - 0.7 227 0.05 632.0 - 7194.0 0.3 227 12.4 1451 12.9 - 0.0 0.0 7194.0 7194.0 633.0 

B2 0.00 - 0.7 271 0.06 633.0 - 6900.9 0.3 271 14.9 1714 15.3 - 0.0 0.0 6900.9 6900.9 634.0 

B3 0.00 1 0.7 333 0.07 635.0 - 11353.5 0.3 334 18.2 2077 18.5 - 0.0 0.0 11353.5 11353.5 636.0 

B4 0.00 21 0.7 311 - 636.0 - 10125.9 0.3 332 18.1 2101 18.7 - 0.0 0.0 10125.9 10125.9 637.0 

B6 0.00 - 0.7 342 - 634.0 - 12610.6 0.3 342 18.6 2145 18.5 - 0.0 0.0 12610.6 12610.6 635.0 

B7 0.00 - 0.7 327 0.07 632.0 - 11843.9 0.3 327 18.0 2086 18.0 - 0.0 0.0 11843.9 11843.9 633.0 

B8 0.00 1 0.7 337 - 633.0 - 14812.5 0.3 338 18.4 2217 19.2 - 0.0 0.0 14812.5 14812.5 634.0 

B9 0.00 21 0.7 319 - 635.0 - 13233.8 0.3 340 18.5 2199 19.0 - 0.0 0.0 13233.8 13233.8 636.0 

Table 5 - Results obtained by the Math-heuristic 
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A1 0.50 - 0.7 19 - 6.5 5.75 1 0.2 20 128 10 6.3 37.5 395.1 432.6 7.4 -7.5% 0.5% 

A2 0.75 - 0.7 1 - 1.9 9.50 1 0.2 2 11 11 10.3 61.5 25.0 86.5 2.8 -56.3% 40.2%

A3 0.75 - 0.7 10 - 10.1 3.75 1 0.2 11 102 10 4.5 27.0 308.4 335.4 11.0 -5.4% 1.5% 

A4 91.25 - 0.7 28 - 433.0 80.22 - 0.2 28 208 77 171.5 
1.028.

8 
700.8 1729.6 433.9 0.0% 38.5% 

A5 18.75 184 0.7 40 - 482.0 0.25 - 0.2 224 1.319 24 19.0 114.0 4746.0 4860.0 482.9 0.0% 0.0% 

A6 0.50 - 0.7 19 - 8.5 11.50 - 0.2 19 102 13 11.5 69.0 442.4 511.4 9.4 -7.2% 6.6% 

A7 0.75 - 0.7 1 - 2.5 14.25 - 0.2 1 10 15 15.0 90.0 33.7 123.7 3.4 -53.1% 62.1%

A8 0.75 - 0.7 10 - 8.5 1.50 - 0.2 10 66 4 2.3 13.5 285.4 298.9 9.4 -6.3% -3.3%

A9 74.00 - 0.7 28 - 488.0 16.25 - 0.2 28 151 77 90.3 541.5 714.9 1256.4 488.9 -6.8% 3.7% 

A10 18.75 184 0.7 40 - 481.0 0.75 - 0.3 224 1.312 24 19.5 117.0 5924.9 6041.9 482.0 0.0% 0.1% 

B1 0.00 - 0.7 233 0.05 632.0 17.00 - 0.3 233 1.448 28 17.0 102.0 7167.4 7269.4 633.0 -0.4% 1.0% 

B2 0.00 - 0.7 271 0.06 633.0 18.00 2 0.3 273 1.693 29 18.0 108.0 6843.1 6951.1 634.0 -0.8% 0.7% 

B3 0.00 1 0.7 333 0.07 635.0 14.25 3 0.3 337 2.060 23 13.8 82.5 11307.1 11389.6 636.0 -0.4% 0.3% 

B4 0.00 21 0.7 311 - 636.0 9.50 - 0.3 332 2.083 14 9.5 57.0 10097.2 10154.2 637.0 -0.3% 0.3% 

B6 0.00 - 0.7 342 - 634.0 6.25 1 0.3 343 2.137 11 6.3 37.5 12588.6 12626.1 635.0 -0.2% 0.1% 

B7 0.00 - 0.7 327 0.07 632.0 10.25 - 0.3 327 2.070 18 10.3 61.5 11783.4 11844.9 633.0 -0.5% 0.0% 

B8 0.00 1 0.7 337 - 633.0 7.50 2 0.3 340 2.216 13 7.5 45.0 14806.1 14851.1 634.0 0.0% 0.3% 

B9 0.00 21 0.7 319 - 635.0 11.50 1 0.3 341 2.194 9 11.5 69.0 13226.9 13295.9 636.0 -0.1% 0.5% 

 Delta Total Cost column in Table 5 compares the Total Cost obtained by the math-heuristic 

and by the Flight schedule cost model: 

Delta Total Cost = (Math-heuristic Total Cost – Flight schedule cost model Total Cost)/Flight 

schedule model Total Cost).   

 Step 2 was limited to a 12 hours execution and the Gurobi Gap % column in Table 4 and Table 

5 indicate the gap obtained after the execution time indicated in column ∆t (min) . 

 The Math-heuristic presented lower costs of affected itineraries and Total Costs very close to 

the ones obtained by the Flight schedule cost model in the majority of the tests instances.  
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So, the cost of delays introduced to recover more passengers did not substantially affect the 

Total Cost for the airline. This is a very important result. It allerts that is worthwhile to compare 

the aircraft network recovery solution with the corresponding aircraft and passenger one. This 

allert and the fact that the developed models permit the airline to compare these alternative 

recovery options represent contributions of this work. 

 The Math-heuristic was designed to reduce the number of disrupted passenger itineraries 

due to lack of enough connection time after the aircraft schedule adjustment. This is 

accomplished by inserting additional delays in the �light network beyond those caused by 

disruption.  These solutions should have a lower cost of cancelled itineraries than the �light 

schedule cost model solution. However, the total cost may eventually be higher than that of the 

�light schedule cost solution, depending on the cost of the inserted delays. 

Table 3 - Results obtained by the Math-heuristic 

Quan�ty of Affected Flights during the Recovery Window Recovery Period (h) 

A1 276 16 

A2 153 12 

A3 214 14 

A4 337 18 

A5 928 44 

A6 276 16 

A7 153 12 

A8 214 14 

A9 337 18 

A10 928 44 

B1 1838 36 

B2 1821 36 

B3 1838 36 

B4 1838 36 

B6 1838 36 

B7 1821 36 

B8 1838 36 

B9 1838 36 

 The Math-heuristic actualy led to reductions on the costs of cancelled passenger itineraries 

due to lack of enough connection time between �lights for sixteen out of eighteen test instances 

(for two of them no improvements to passenger disruption cost were achieved). The achieved 

cost reductions represent an indicator of the effectiveness of the proposed Math-heuristic to 

solve the airline recovery problem considering aircraft and passenger networks. 

 Table 6 shows the number of affected �lights during the recovery window for each instance. 

The solution time of the Flight schedule model and of the Math-heuristic for instances with 85 

aircraft and 276 impacted, as presented in instances A1, A2, A3, A6, A7 and A8, is acceptable by 

the industry (up to 30 minutes). 

 However, usual enterprise computer (Intel i7 machine with 16Gb of RAM and Windows 

operating system) could not solve instances with a quantity of aircraft greater than 85 and an 

impacted �light greater than 276 within the industry acceptable timeframe (30 minutes).  

 Failure to achieve the optimal solution for the larger instances, even using a high-perfor-

mance HPC-USP cluster node, con�irms the NP-hard nature of the problem.

 Meanwhile, the high-performance server – HPC allowed to extend the execution time of the 

model Step 2 to up to 12 hours in order to reach a solution with minimum gap for instances 

with a high number of �lights. The gap ranged from 0% to 0.07%.  
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5. CONCLUSIONS

This work presented a math-heuristic to solve the airline recovery problem considering aircraft 

and passenger networks in partialy integrated, partially interactive and non-simultaneous way. 

It seeks to reach the best solution for both the airline and the affected passengers. A model to 

restore the �light schedule with minimum cost for the airline was also developed.  

 These two models permit to compare results of the recovery with and without the passenger 

dimension. This type of comparison was pursued by this research. It allows the airline to decide 

on the pros and cons due to integrating or not the passenger dimension in the recovery process 

 This airline recovery problem is of the NP-hard class, that is, there are no polynomial algo-

rithms for its resolution, regardless of how it is considered – integrated, partially integrated or 

not integrated (Yu and Qi, 2004). Hence, the proposition of the Math-heuristic for solving it.  

 The math-heuristic modeling was chosen due to the fact that it represents a relatively novel 

modeling approach addressed to solve NP-hard problems. 

 The real world instances created by ROADEF for an operations research chalenge in 2009 

were used to test the models.  

 The solution times of the Flight schedule model and of the Math-heuristic for instances with 

up to 85 aircraft and, 276 impacted �lights as in instances A1, A2, A3, A6, A7 and A8, are 

compatible with the industry requirement (up to 30 minutes). 

  Instances with a quantity of aircraft greater than 85 and with an impacted �light greater than 

276 could not be solved in the industry acceptable timeframe (30 minutes) by an usual 

computer (Intel i7 machine with 16Gb of RAM and Windows operating system). 

 Failure to achieve the optimal solution for the larger instances, even using a high-perfor-

mance HPC cluster node, con�irms the NP-hard nature of the problem.  

 However, the high-performance server – HPC allowed to extend the execution time of the 

model Step 2 to up to 12 hours, in order to reach solutions with minimum gaps. The gap values 

ranged from 0% to 0.07%.  

 The applications of the Math-heuristic to the ROADEF instances presented, for 11 out of 18 

instances, total costs of recovery with a diference of as much as 1.0 % to the ones obtained by 

the Flight schedule cost model. For 14 out of 18 instances the difference was of less than 3,7%. 

To say, the cost of the delays introduced to recover more passengers did not substantially affect 

the airline recovery cost for the tested instances.  

 This result permits to realize the importance of solving the recovery problem looking for the 

best solution for both the airline and the passengers. It justi�ies the purpose of this research to 

develop models to permit the airline to analyse the cost impacts related to including the 

passenger dimension in the recovery attempt. 
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